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Abstract
The winding number transition in the Mottola-Wipf model with and without
Skyrme term is examined. For the model with Skyrme term the number of
discrete modes of the fluctuation operator around sphaleron is shown to be
dependent on the value of λm2. Following Gorokhov and Blatter we derive
a sufficient condition for the sharp first-order transition, which indicates that
first-order transition occurs when 0 < λm2 < 0.0399 and 2.148 < λm2. In
the intermediate region of λm2 the winding number transition is conjectured
to be smooth second order. For the model without Skyrme term the winding
number transition is always first order regardless of the value of parameter.
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I. INTRODUCTION
Quantum tunneling is one of the most fascinating phenomenon arised due to pure quan-
tum effect and has profound physical implications in many fundamental phenomena in var-
ious branches of physics. After Langer [1] and Coleman [2] opened a door of the computa-
tional methodology for the investigation of the tunneling using a classical Euclidean solution
called instanton or bounce, its generalization to the finite temperature tunneling or thermal
activation is one of the long-standing subject in this field. It is well-known that as tem-
perature increases from zero temperature the pure quantum tunneling at low temperature
is gradually changed to the thermal activation at high temperature via thermally assisted
tunneling region. This means there is a phase transition between sphaleron [3]-dominated
high temperature regime and the instanton-dominated low temperature regime. This phase
transition was explored within quantum mechanical models by Affleck [4] and cosmological
models by Linde [5] about two decades ago. Both of them argued that there exist periodic
solutions [6] which govern the tunneling at intermediate temperature regime and interpolate
smoothly between vacuum instanton and sphaleron. Using a terminology of the statistical
mechanics this phenomenon can be referred to second-order transition.
Chudnovsky [7], however, showed that this argument is not generic. Using a simple
quantum mechanical model, he derived a relation
dSE
dτ
= E > 0, (1.1)
where SE and τ are Euclidean classical action and period of periodic solution, respectively.
Eq.(1.1) allows one to determine the temperature(T = 1/τ)-dependence of action(SE) from
energy(E)-dependence of period(τ). In fact, this is completely analogous to the plot of
free enthalphy-vs-pressure of a van der Waals gas whose equation of state is determined as
pressure-vs-volume. If, for example, E-dependence of τ is monotonic function, T -dependence
of SE becomes also monotonic, and eventually is merged to the action for the sphaleron
solution smoothly. Since decay rate is proportional to e−SE , this case can be reffered to
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second-order transition. If, however, E-dependence of τ is not monotonic and has one
minimum, T -dependence of SE can be double-valued function in some region of domain
of definition and it results in a sharp crossover from instanton-dominated low temperature
regime to sphaleron-dominated high temperature regime. This is an example of first-order
transition. Recently, his idea is realized at the spin tunneling system [8] in condensed matter
physics.
Subsequently, Gorokhov and Blatter [9] extended Chudnovsky’s idea and derived a suf-
ficient condition for the first-order transition using only small fluctuation around sphaleron.
Recently, their idea is extended [10] for the application to the model when mass is position-
dependent. Although they derived the criterion to apply it to the some fields of the condensed
matter physics [9,11], its application to the covariant field theories is straightforward. In
fact, this criterion is applied to the four-dimensional scalar field theory with a asymmetric
double well potential and the lower and upper bounds of the critical value of symmetry
breaking parameter is calculated [12]. Recently, same criterion with that of Gorokhov and
Blatter is derived again through completely different point of view by counting carefully the
number of negative modes for the full hessian of periodic solution near sphaleron [13].
In this paper we will examine the winding number transition of the Mottola-Wipf(MW)
model [14] with and without Skyrme term [15] and clarify the type of the transition in the
full range of parameter space. Since the method of Ref. [13] for the study of winding number
transition needs a periodic instanton solution which is very complicated [16] in this model,
we will follow the procedure of Ref. [9].
MW model, non-linear O(3) model with a soft symmetry breaking term, is usually
adopted as a toy model for the study of the baryon number violation in electroweak the-
ory [17]. Although localized vacuum instanton does not exist in this model, the analytical
expression of the sphaleron solution was derived by paralleling Manton’s original argument
in Ref. [14]. The reason why MW model can be used as a toy model for a investigation of
baryon-number violation in the electroweak theory is nicely explained in Ref. [14]. For a
completeness we summarize it briefly. If one defines two component field
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ψ =

 ψ1
ψ2

 (1.2)
such that φa = ψ†σaψ where phia is scalar field of MW model and σa is usual Pauli matrix.
Introducing gauge field Aµ = (ψ
†∂µψ − ∂µψ†ψ)/2i, one can show that the winding number
Q of MW model which is defined as
Q =
1
8π
∫
d2xǫµν~φ · (∂µ~φ× ∂ν~φ) (1.3)
is reduced to
1
4π
∫
d2xǫµνFµν . (1.4)
The integrand in Eq.(1.4) is nothing but an chiral anomaly [18] of massless fermion field
coupled to U(1) gauge field. Through index theorem the transition in MW model can be
interpreted as tunneling which connects states with different chiral fermion numbers.
In order to make a modified model which supports a localized vacuum instanton as well
as sphaleron, Piette et al [19] added a Skyrme term to this model. In this modified model
whose action and constraint are
S =
1
g2
∫
dτdx
[
1
2
∂µφ
a∂µφ
a +m2(1 + φ3) +
λ
8
φabµνφ
ab
µν
]
(1.5)
φaφa = 1, a = 1, 2, 3 µ, ν = τ, x
where φabµν = ∂µφ
a∂νφ
b−∂νφa∂µφb, sphaleron is identical to that of MW model whose action
is Eq.(1.5) with λ = 0 and localized instanton can be obtained numerically. Winding number
transition between instanton-dominated and sphaleron-dominated regimes in this model are
discussed at particulur value of parameter, λm2 = 0.001, in Ref. [20]. In this paper we will
discuss the winding number transition in the full range of parameter space.
The paper is organized as follows. In Sec.II we will briefly review Gorokhov and Blatter’s
procedure in covariant scalar field theory. In Sec.III we will expand the field equation of
Mottola-Wipf-Skyrme(MWS) model around sphaleron solution by introducing the fluctua-
tion fields u and v. The spectra of the spatial fluctuation operators hˆu and hˆv are discussed
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at Sec.IV. In Sec.V, following Gorokhov and Blatter, we will examine the winding number
transition in MWS model. It will be shown that the type of transition is either first-order
or second-order depending on the value of λm2. In Sec.VI the winding number transition
in MW model will be discussed. It will be shown that the type of transition in this model
is always first order regardless of value of parameter. In Sec.VII a brief conclusion will be
given.
II. CRITERION FOR SHARP FIRST-ORDER TRANSITION
In this section we will review the procedure of Ref. [9] briefly in the covariant field theory.
The Euclidean action we will consider is
S =
∫
dx
[
1
2
∂µφ∂µφ+ V (φ)
]
(2.1)
where field equation is
✷φ = V ′(φ). (2.2)
Although we do not need a specific form of V (φ), we assume field equation allows periodic
instanton and sphaleron configurations. Since sphaleron φsph is static configuration, its
equation of motion reads
∂2φsph
∂x2
= V ′(φsph). (2.3)
Now, we consider a small fluctuation η(x, τ) around sphaleron solution. If one uses Taylor
expansion in potential, it is easy to show η(x, τ) satisfies upto the order of η3
lˆη(x, τ) = hˆη(x, τ) +G2[η] +G3[η] (2.4)
where lˆ = ∂
2
∂τ2
, hˆ = − ∂2
∂x2
+ V ′′(φsph), G2[η] = 12V
′′′(φsph)η2, and G3[η] = 16V
′′′′(φsph)η3. The
main idea of Ref. [9] is to compare the frequency of η(x, τ) with that of sphaleron by solving
Eq.(2.4) perturbatively, which yields a sufficient condition for the first-order transition.
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Here, the frequency of sphaleron ωsph means frequency of the periodic instanton solution
when periodic instanton approaches to the sphaleron solution.
To the lowest order in perturbation we use ansatz
η(x, τ) = au0(x) cosωsphτ. (2.5)
Here, a is a small parameter, which is associated with small amplitude of periodic solution
whose center is φsph at quantum mechanical model. Substituting Eq.(2.5) into Eq.(2.4) while
neglecting terms of order higher than a one obtains
hˆu0(x) = l(ωsph)u0(x) (2.6)
where l(ω) ≡ −ω2. Since spatial operator hˆ has only one negative mode and l(ωsph) <
0, u0(x) and l(ωsph) are nothing but the ground state eigenfunction and eigenvalue of hˆ,
respectively. This fact allows one to calculate ωsph by solving the spectrum of hˆ.
To next order perturbation we use
η(x, τ) = au0(x) cosωτ + a
2η1(x, τ) (2.7)
where ω is the correction to the frequency ωsph. Inserting Eq.(2.7) into Eq.(2.4) it is easy to
obtain
η1 = (lˆ − hˆ)−1χ1 (2.8)
where
χ1 =
1
a
[l(ωsph)− l(ω)]u0(x) cosωτ + G2[u0] cos2 ωτ. (2.9)
Since lˆ − hˆ has zero mode | u0(x) cosωτ >, we can escape infinity in Eq.(2.8) if and only
if a condition < u0(x) cosωτ | χ1 >= 0 holds. This condition requires no shift in the
frequency ω = ωsph, which means that next order perturbation must be performed to find
frequency shift. Before we go to the next order, it is in order to compute η1 explicitly. It is
straightforwardly achieved from Eq.(2.8):
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η1(x, τ) = g1(x) + g2(x) cos 2ωsphτ (2.10)
where
g1(x) = −1
2
hˆ−1G2[u0] (2.11)
g2(x) = −1
2
[hˆ− l(2ωsph)]−1G2[u0].
Next order perturbation can be done by using
η(x, τ) = au0(x) cosωτ + a
2η1(x, τ) + a
3η2(x, τ). (2.12)
Substituting Eq.(2.12) into Eq.(2.4) and neglecting terms of order a4 and higher, one gets
η2(x, τ) = a
−3(lˆ − hˆ)−1
[
χ
(0)
2 + χ
(1)
2 cosωτ + χ
(2)
2 cos 2ωτ + χ
(3)
2 cos 3ωτ
]
(2.13)
where
χ
(0)
2 = a
2
[
hˆg1(x) +
1
2
G2[u0]
]
(2.14)
χ
(1)
2 = −a [l(ω)− l(ωsph)] u0(x)
+a3
[
∂G2[ξ]
∂ξ
∣∣∣∣
ξ=u0
(
g1(x) +
1
2
g2(x)
)
+
3
4
G3[u0]
]
χ
(2)
2 = a
2
[
[hˆ− l(2ω)]g2(x) + 1
2
G2[u0]
]
χ
(3)
2 = a
3
[
1
2
∂G2[ξ]
∂ξ
∣∣∣∣
ξ=u0
g2(x) +
1
4
G3[u0]
]
.
The infinity problem mentioned above yields another condition < u0(x) | χ(1)2 >= 0,
which results in
l(ω)− l(ωsph) = − a
2
2 < u0 | u0 > < u0 | f [u0] > (2.15)
where
f [u0] =
∂G2[ξ]
∂ξ
∣∣∣∣
ξ=u0
[
hˆ−1 +
1
2
[hˆ− l(2ωsph)]−1
]
G2[u0]− 3
2
G3[u0]. (2.16)
If the spectrum of hˆ, hˆ | un >= hn | un >, is completely solved, < u0 | f [u0] > is reduced to
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< u0 | f [u0] >= 2
∑
n
(
1
hn
+
1
2
1
hn − l(2ωsph)
)
|< G2[u0] | un >|2 −3
2
< u0 | G3[u0] > .
(2.17)
One may worry for the use of Eq.(2.17) due to zero mode of hˆ, say h1 = 0. It is, however,
easy to show that it does not cause any problem if one realizes < G2[u0]|u1 >= 0 because
of odd parity of u1.
Before we derive a sufficient condition for the sharp transition, it may be helpful to
comment on the two kinds of field theoretical tunneling models. One kind(case I) consists
of models which support localized vacuum instanton and sphaleron. The usual quantum
mechanical model and MWS model plunge into this case. In these models the first-order
phase transition takes place as usual quantum mechanical cases. The typical figure of first-
order transition in case I is given in Fig.1(a). Another kind(case II) consists of models which
does not support localized vacuum instanton. The MW model and electroweak theory are
categorized in this case. In these models the low energy periodic instanton is built out of
constraint instanton [6] whose period goes to zero at E → 0. Applying a relation (1.1) one
can get a typical figure of first-order transition in case II which is shown in Fig.1(b). In
both cases the first-order transition occurs when ω > ωsph, which results in
< u0 | f [u0] > > 0. (2.18)
We will use this criterion to determine the types of transition in the full range of parameter
space in MWS and MW models.
III. FLUCTUATION AROUND SPHALERON IN MWS MODEL
The field equation of MWS model whose action is given at Eq.(1.5) is easily derived by
introducing and subsequently removing a Lagrange multiplier:
(δab − φaφb)
[
✷φb + λ∂µ(φ
bc
µν∂νφ
c)
]
= m2(δa3 − φaφ3). (3.1)
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Since Skyrme term does not contribute to field equation for static sphaleron [19], sphaleron
is same with that of MW model which is derived at Ref. [14]:
φsph = (sin ξsph, 0,− cos ξsph) (3.2)
where
ξsph = 2 sin
−1(sechmx). (3.3)
Now, we introduce small fluctuation fields u and v around sphaleron such as
φ =
1√
1 + u2
(sin(ξsph + v), u,− cos(ξsph + v)) . (3.4)
The expansion of the field equation (3.1) in terms of u and v is very tedious, but straight-
forward:
lˆ

 u
v

 = hˆ

 u
v

+

 G
u
2(u, v)
Gv2(u, v)

+

 G
u
3(u, v)
Gv3(u, v)

+ · · · (3.5)
where
lˆ =


∂2
∂τ2
0
0 ∂
2
∂τ2

 hˆ =

 hˆu 0
0 hˆv

 (3.6)
Gu2(u, v) =
sechmx
1 + 4λm2sech2mx
[
2m2 tanhmx(uv − λu˙v˙)− 4muv′ + 2λm(2u˙′v˙ − 2u¨v′ + u′v¨ − u˙v˙′)
]
Gv2(u, v) = sechmx
[
−m2 tanhmx(u2 − v2 − 2λu˙2) + 4muu′ + 2λm(u¨u′ − u˙u˙′)
]
Gu3(u, v) =
1
1 + 4λm2sech2mx
[
2u(u˙2 + u′2)− u(v˙2 + v′2)− m
2
2
(1− 2sech2mx)(uv2 − u3)
+λ
[
− u¨v′2 − u˙v′v˙′ + 2u˙′v˙v′ + u′v¨v′ − u′v˙v˙′
+u˙v˙v′′ − u′′v˙2 + 4m2sech2mx(3uu˙2 + u2u¨)
]]
Gv3(u, v) = 2u(u˙v˙ + u
′v′) +
m2
6
(1− 2sech2mx)(3u2v − v3)
+λ
[
−u˙u˙′v′ − u˙2v′′ − u′2v¨ − u˙′u′v˙ + 2u˙u′v˙′ + u˙u′′v˙ + u¨u′v′
]
.
Here, prime and dot mean differentiation with respect to x and τ respectively, and hˆu and
hˆv are
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hˆu =
1
1 + 4λm2sech2mx
[
− ∂
2
∂x2
+m2(1− 6sech2mx)
]
(3.7)
hˆv = − ∂
2
∂x2
+m2(1− 2sech2mx).
It is interesting that Skyrme term contributes only modification of hˆu, not hˆv. Apart
from denominator in hˆu the eigenvalue equations of hˆu and hˆv are usual Po¨schl-Teller type
which can be solved completely [21]. The denominator in hˆu modifies the spectrum which
will be discussed in next section.
IV. SPECTRA OF hˆu AND hˆv
Consider an eigenvalue equation of the usual Po¨schl-Teller type potential:
[
− d
2
dx2
+ V (x)
]
ψn(x) = λnψn(x) (4.1)
where
V (x) = ω2 − V0
cosh2 ωx
. (4.2)
It is well-known that Eq.(4.1) has both finite discrete modes, whose number is dependent
on
s =
1
2

−1 +
√
1 +
4V0
ω2

 , (4.3)
and continuum states. The spectrum and eigenfunctions are summarized as follows [21];
(1) Discrete modes
λn = ω
2[1− (s− n)2] (n = 0, 1, · · · , nmax < s) (4.4)
ψn(x) =
√
ω
n!
√√√√ Γ(1 + 2s− n)
Γ(1 + s− n)Γ(s− n)2
n−s coshn−s ωx
× 2F1(−n, 1 + 2s− n; s− n + 1; 1
2
(1− tanhωx))
(2) Continuum modes
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λk = ω
2 + k2 (4.5)
ψk(x) =
1√
2π
Γ(−s− ik
ω
)Γ(1 + s− ik
ω
)
Γ(− ik
ω
)Γ(1− ik
ω
)
eikx
× 2F1(s+ 1,−s; 1− ik
ω
;
1
2
(1− tanhωx)).
Here, Γ(a) and 2F1(a, b; c; z) are usual gamma and hypergeometric functions. Since eigen-
value equation for hˆv, hˆvϕn(x) = ǫ
v
nϕn(x), is exactly Po¨schl-Teller type equation, it is very
easy to find its spectrum and eigenfunctions, which is summarized at Table I.
Now, let us consider eigenvalue equation of hˆu;
hˆuψn(x) = ǫ
u
nψn(x). (4.6)
After rearranging Eq.(4.6) one can show that it is possible to make it as usual Po¨schl-Teller
type provided the following explicit ǫun-dependence of s is allowed ;
s =
1
2
[√
25 + 16λǫun − 1
]
. (4.7)
After eliminating ǫun by using Eq.(4.4) and (4.7) one can arrive at conclusion that different
s-value is assigned to each discrete mode,
sn =
(8nλm2 − 1) +
√
64λ2m4 − 16(n2 + n− 7)λm2 + 25
2(1 + 4λm2)
. (4.8)
Now, we can solve Eq.(4.8) for non-negative integer n under requirements s > 0 and
s > n, which results in a fact that the number of discrete modes is dependent on λm2. For
example, there are three discrete modes(n = 0, 1, 2) for 0 < λm2 ≤ 3/2. And, one more
discrete mode appears for 3/2 < λm2 ≤ 7/2. Generally, there are n discrete modes for
(n−1)2+(n−1)−6
4
< λm2 ≤ n2+n−6
4
. Parameter-dependence of discrete spectrum is explicitly
shown at Fig.2. It is worthwhile noting that n = 0 is negative mode and n = 1 is zero mode
which indicates that u is fluctuation field around unstable configuration.
The continuum spectrum of hˆu is more simple. If one follows the same procedure, it is
easy to show that continuum spectrum and correspondent eigenfunctions are exactly same
with those of Eq.(4.5) provided s is replaced by
11
sk =
−1 +
√
25 + 16λ(m2 + k2)
2
. (4.9)
Table II shows a complete spectrum of hˆu for 0 < λm
2 < 3/2.
V. CRITERION FOR FIRST-ORDER TRANSITION IN MWS MODEL
In this section we will derive the criterion for the first-order transition in MWS model
by following Gorokhov and Blatter. To do the lowest order perturbation we choose a ansatz
 u
v

 = a

 u0(x)
v0(x)

 cosΩsphτ (5.1)
where a is discussed at the below of Eq.(2.5). Inserting Eq.(5.1) into Eq.(3.5) and neglecting
terms of order higher than a we obtain
hˆ

 u0(x)
v0(x)

 = l(Ωsph)

 u0(x)
v0(x)

 (5.2)
where l(Ω) ≡ −Ω2. Based on the analysis of Sec. IV, it is easy to show that hˆ has only one
negative mode whose eigenvalue and eigenfunction are ǫu0 = −m2(s20 − 1) and

 ψ0(x)
0

,
respectively. Here, s0 is obtained from Eq.(4.8) by letting n = 0;
s0 =
√
1 + 4(1 + 4λm2)(6 + 4λm2)− 1
2(1 + 4λm2)
. (5.3)
Hence, the lowest perturbation shows
Ωsph =
√
s20 − 1m (5.4)
u0(x) = ψ0(x) = 2
−s0
√√√√ mΓ(1 + 2s0)
Γ(s0)Γ(1 + s0)
cosh−s0 mx
v0(x) = 0.
Now, let us start the next order perturbation by substituting
 u(x, τ)
v(x, τ)

 =

 au0(x) cosΩτ + a
2u1(x, τ)
a2v1(x, τ)

 (5.5)
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into Eq.(3.5). As commented in Sec.II, Ω is the correction to the frequency Ωsph. Neglecting
higher order terms one arrives at the following equation:
 u1(x, τ)
v1(x, τ)

 = (lˆ − hˆ)−1 ~χ1 (5.6)
where
~χ1 =
1
a
[l(Ωsph)− l(Ω)]

 u0(x) cosΩτ
0

+

 0
H1(x, τ)

 . (5.7)
Here, H1(x, τ) is
H1(x, τ) = 2
−2s0 m
3Γ(1 + 2s0)
Γ(s0)Γ(1 + s0)
sinhmx
cosh2s0+2mx
(5.8)
×
[
−(4s0 + 1) cos2Ωτ + 2λΩ2(sin2Ωτ + s0)
]
.
Using same argument given at Sec.II, we need a condition
<

 u0 cosΩτ
0


∣∣∣∣ ~χ1 >= 0 (5.9)
to escape an infinity arised due to inversion of lˆ − hˆ. The condition (5.9) is automati-
cally satisfied if Ω = Ωsph, which means there is no frequency shift in the present order of
perturbation.
Before we go to next order, let us compute u1(x, τ) and v1(x, τ) explicitly. This is
achieved by direct calculation, which needs a tedious, but straightforward procedure:
u1(x, τ) = 0 (5.10)
v1(x, τ) = gv,1(x) + gv,2(x) cos 2Ωsphτ
where
gv,1(x) = 2
−2s0 m
3Γ(1 + 2s0)
Γ(s0)Γ(1 + s0)
[
2s0(1− λΩ2sph) + (
1
2
− λΩ2sph)
]
(5.11)
×hˆ−1v
sinhmx
cosh2s0+2mx
gv,2(x) = −2−2s0 m
3Γ(1 + 2s0)
Γ(s0)Γ(1 + s0)
(2s0 +
1
2
+ λΩ2sph)
×
[
l(2Ωsph)− hˆv
]−1 sinhmx
cosh2s0+2mx
.
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Now, let us perform next order perturbation with

 u(x, τ)
v(x, τ)

 =

 au0(x) cosΩτ + a
3u2(x, τ)
a2v1(x, τ) + a
3v2(x, τ)

 . (5.12)
After inserting Eq.(5.12) into Eq.(3.5) we obtain

 u2(x, τ)
v2(x, τ)

 = (lˆ − hˆ)−1~χ2. (5.13)
Here, we do not need full explicit form of ~χ2 for the derivation of criterion for sharp
winding number transition. The only one we need is the upper element in Eq.(5.13), which
is
u2(x, τ) = (lˆ − hˆu)−1χu2 (5.14)
where
χu2 = −
1
a2
[l(Ω)− l(Ωsph)] u0(x) cosΩτ (5.15)
+
1
1 + 4λm2sech2mx
[Gu,1(x) cosΩτ +Gu,2(x) cos 3Ωτ ] .
In Eq.(5.15) the explicit form of Gu,2(x) is not needed also for the derivation of criterion.
The only one we need is Gu,1(x) which is
Gu,1(x) = 2
−s0
(
mΓ(1 + 2s0)
Γ(s0)Γ(1 + s0)
) 1
2
[
2m2 sinhmx
coshs0+2mx
(
gv,1 +
1
2
gv,2 − λΩ2sphgv,2
)
(5.16)
− 4m
coshs0+1mx
(
g′v,1 +
1
2
g′v,2 − λΩ2sphg′v,1
)]
+2−3s0
(
mΓ(1 + 2s0)
Γ(s0)Γ(1 + s0)
) 3
2
[ [
1
2
Ω2sph +
3
8
m2(1 + 4s20)
]
cosh−3s0 mx
−3
4
m2(1 + 2s20) cosh
−3s0−2mx
]
.
Hence, the condition < u0(x) cosΩτ | χu2 >= 0 gives the correction to the frequency:
l(Ω)− l(Ωsph) = a2 < u0(x) | cosh
2mx
cosh2mx+ 4λm2
Gu,1(x) > . (5.17)
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In order to change Eq.(5.17) to a more convenient form, we have to compute gv,1(x) and
gv,2(x) explicitly which is performed in Appendix, where the following integral representa-
tions are obtained:
gv,1(x) =
(2s0 +
1
2
)− λm2(s20 − 1)(2s0 + 1)
4π(1 + s0)Γ(s0)Γ(1 + s0)
[ ∫
dk
Γ
(
s0 +
1
2
+ ik
2m
)
Γ
(
s0 +
1
2
− ik
2m
)
1 + k2/m2
k
m
sin kx (5.18)
+ tanhmx
∫
dk
Γ
(
s0 +
1
2
+ ik
2m
)
Γ
(
s0 +
1
2
− ik
2m
)
1 + k2/m2
cos kx
]
gv,2(x) =
(2s0 +
1
2
) + λm2(s20 − 1)
4π(1 + s0)Γ(s0)Γ(1 + s0)
[ ∫
dk
Γ
(
s0 +
1
2
+ ik
2m
)
Γ
(
s0 +
1
2
− ik
2m
)
(4s20 − 3) + k2/m2
k
m
sin kx
+ tanhmx
∫
dk
Γ
(
s0 +
1
2
+ ik
2m
)
Γ
(
s0 +
1
2
− ik
2m
)
(4s20 − 3) + k2/m2
cos kx
]
.
By inserting Eq.(5.18) into Eq.(5.16) one can obtain double-integral representation of
Gu,1(x). Then, through some appropriate change of variables we get the final form of
l(Ω)− l(Ωsph):
l(Ω)− l(Ωsph) = a2s−2s0 m
3Γ(1 + 2s0)
Γ2(s0)Γ2(1 + s0)
(5.19)
×
[
(2s0 +
1
2
)− λm2(s20 − 1)(2s0 + 1)
2π(1 + s0)
∫
dy
sinh y
cosh2s0 y(cosh2 y + 4λm2)2
×K1(y)[J1(y) + tanh yJ2(y)]
+
(2s0 +
1
2
) + λm2(s20 − 1)
2π(1 + s0)
∫
dy
sinh y
cosh2s0 y(cosh2 y + 4λm2)2
×K2(y)[J3(y) + tanh yJ4(y)]
+2−2s0Γ(1 + 2s0)
[
16s20 − 1
8
∫ dy
cosh4s0−2 y(cosh2 y + 4λm2)
−3(1 + 2s
2
0)
4
∫ dy
cosh4s0 y(cosh2 y + 4λm2)
]]
where
J1(y) =
∫ ∞
−∞
dq
q | Γ
(
s0 +
1+iq
2
)
|2
1 + q2
sin qy (5.20)
J2(y) =
∫ ∞
−∞
dq
| Γ
(
s0 +
1+iq
2
)
|2
1 + q2
cos qy
J3(y) =
∫ ∞
−∞
dq
q | Γ
(
s0 +
1+iq
2
)
|2
q2 + (4s20 − 3)
sin qy
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J4(y) =
∫ ∞
−∞
dq
| Γ
(
s0 +
1+iq
2
)
|2
q2 + (4s20 − 3)
cos qy
K1(y) =
[
−4s0 − 1 + 2(1 + 2s0)(s20 − 1)λm2
]
cosh2 y +
[
−4s0 + 3 + 2(2s0 − 1)(s20 − 1)λm2
]
4λm2
K2(y) =
[
−2s0 − 1
2
− (s20 − 1)λm2
]
cosh2 y +
[
−2s0 + 3
2
− (s20 − 1)λm2
]
4λm2.
Fig. 3 shows the result of numerical calculation of l(Ω) − l(Ωsph) with respect to λm2.
From Fig. 3 we can conclude that MWS model exhibits sharp first order winding number
transition when 0 < λm2 < 0.0399 and 2.148 < λm2. Ref. [20] shows first order transition
when λm2 = 0.001, which is in agreement with our conclusion. Although Gorokhov and
Blatter’s method cannot determine the type of transition for 0.0399 < λm2 < 2.148, it is
easily conjectured using 2S0/Ssph which is shown in Fig. 4. Here, S0 is classical action of
vacuum instanton and Ssph = (2π/Ωsph)Esph, where Esph is space integration of classical
Lagrangian for the static sphaleron solution, and interpreted as barrier height in usual
Minkowski space. Fig. 4 indicates that 2S0/Ssph < 1 when 0 < λm
2 < 0.006 and 2.52 <
λm2, and 2S0/Ssph > 1 when 0.006 < λm
2 < 2.52. Hence, MWS model exhibits strong first-
order transition when 0 < λm2 < 0.006 and 2.52 < λm2, and weak first-order transition
when 0.006 < λm2 < 0.0399 and 2.148 < λm2 < 2.52 as shown in Fig. 5. From this fact we
can conjecture that smooth second order transition occurs at intermediate region of λm2.
VI. WINDING NUMBER TRANSITION IN MW MODEL
In this section we will discuss the winding number transition in MW model by taking
λ→ 0 limit in Eq.(5.19). Using integral formula [22]
∫ ∞
0
dx
sin ax
cosh βx
x2m+1 = (−1)m+1 π
2β
∂2m+1
∂a2m+1
1
cosh api
2β
(6.1)
∫ ∞
0
dx
cos ax
cosh βx
x2m = (−1)m π
2β
∂2m
∂a2m
1
cosh api
2β
,
we can show straightforwardly
J1(y) =
π
4
sinh y(3 + 4 cosh2 y)
cosh4 y
(6.2)
16
J2(y) =
π
4
1 + 4 cosh2 y
cosh3 y
J3(y) =
π
8
∫ ∞
0
dq
q(q2 + 1)(q2 + 9)
(q2 + 13) cosh piq
2
sin qy
J4(y) =
π
8
∫ ∞
0
dq
(q2 + 1)(q2 + 9)
(q2 + 13) cosh piq
2
cos qy
K1(y) = 2K2(y) = −9 cosh2 y.
Hence, we can obtain l(Ω)− l(Ωsph) by inserting Eq.(6.2) into Eq.(5.19). Since y-integration
in this case is analytically solved if one uses integral formula [22],
∫ ∞
0
dx
cos ax
cosh2n+1 βx
=
π(a2 + β2)(a2 + 32β2) · · · [a2 + (2n− 1)2β2]
2(2n)!β2n+1 cosh api
2β
, (6.3)
the final form of l(Ω)− l(Ωsph) in MW model is simply
l(Ω)− l(Ωsph) = −9a
2m3
2
[
1
70
+
π
4096
I
]
(6.4)
where
I =
∫ ∞
0
dq
(q2 + 1)3(q2 + 9)2
(q2 + 13) cosh2 piq
2
. (6.5)
Numerical calculation shows l(Ω)− l(Ωsph) = −0.161116a2m3, which means sharp first-order
transition in the full range of parameter space. This is in agreement with result of Ref. [16].
VII. CONCLUSION
In this paper we examine the winding number transition of the MW model with and
without Skyrem term. For MWS model we expand the field equation around sphaleron
solution, which yields the explicit form of the fluctuation operator. The spatial fluctuation
operator is proven to be a kind of modified Po¨schl-Teller type and its number of discrete
modes is dependent on the value of λm2. The increment of λm2 gives rise to the increase of
the number of discrete modes, and eventually the infinite number of discrete modes arises
as λm2 approaches infinity.
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Following Gorokhov and Blatter we derive the sufficient condition for the sharp first-order
transition in this model, which indicates that first-order transition occurs when 0 < λm2 <
0.0399 and 2.148 < λm2. Computing 2S0/Ssph, we conjecture that the smooth second-order
transition occurs in the intermediate region of λm2.
For MW model the criterion for the sharp transition can be easily derived by taking a
λ → 0 limit to that of MWS model. It is shown that the MW model always exhibits a
first-order winding number transition regardless of the value of parameter.
MW model is frequently used as a toy model of sphaleron transition for the electroweak
theory, and hence for the investigation of the baryon number violating processes. Recent
study [23], however, on the sphaleron transition of SU(2)-Higgs theory [24] has shown that
smooth second-order sphaleron transition occurs when 6.665 < MH/MW < 12.03 although
first-order transition occurs when MH/MW < 6.665. Hence, MW model cannot play an
important role as a toy model for the study of sphaleron transition of electroweak theory
when Higgs are very massive than W particle. This means we need another toy model
which exhibits a first-order and second-order sphaleron transition depending on the values
of parameters involved in the model. Based on our study on the relation of number of
negative modes and bifurcation point analyzed in Ref. [13], we have an opinion that this
may be achieved by endowing a nontrivial topology to the space coordinate. This will be
discussed elsewhere.
APPENDIX A: CALCULATION OF gv,1(x) AND gv,2(x)
In this appendix we will calculate gv,1(x) and gv,2(x) defined at Eq.(5.11).
[1] gv,1(x)
Using complete condition for hˆv, it is easy to show
hˆ−1v
sinhmx
cosh2s0+2mx
=
∫
dk
k2 +m2
| ϕk >< ϕk | sinhmx
cosh2s0+2mx
> (A1)
where | ϕk > is defined at Table I. In Eq.(A1) < ϕk | sinhmxcosh2s0+2mx > can be calculated by
making use of integral formula
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∫ ∞
0
dx
cos ax
coshν βx
=
2ν−2
βΓ(ν)
Γ
(
ν
2
+
ai
2β
)
Γ
(
ν
2
− ai
2β
)
. (A2)
Inserting the result of < ϕk | sinhmxcosh2s0+2mx > into Eq.(A1) one can obtain
gv,1(x) =
(2s0 +
1
2
)− λm2(s20 − 1)(2s0 + 1)
4π(1 + s0)Γ(s0)Γ(1 + s0)
(A3)
×
[ ∫
dk
Γ
(
s0 +
1
2
+ ik
2m
)
Γ
(
s0 +
1
2
− ik
2m
)
1 + k2/m2
k
m
sin kx
+ tanhmx
∫
dk
Γ
(
s0 +
1
2
+ ik
2m
)
Γ
(
s0 +
1
2
− ik
2m
)
1 + k2/m2
cos kx
]
.
[2] gv,2(x)
Using complete condition for hˆv again one can show directly
[
l(2Ωsph)− hˆv
]−1 sinhmx
cosh2s0+2mx
(A4)
= − s
2s0
4π(1 + s0)m3Γ(1 + 2s0)
∫
dk
Γ
(
s0 +
1
2
+ ik
2m
)
Γ
(
s0 +
1
2
− ik
2m
)
(4s20 − 3) + k2/m2
(
k
m
sin kx+ tanhmx cos kx
)
.
Inserting Eq.(A4) into Eq.(5.11) we obtain
gv,2(x) =
(2s0 +
1
2
) + λm2(s20 − 1)
4π(1 + s0)Γ(s0)Γ(1 + s0)
[ ∫
dk
Γ
(
s0 +
1
2
+ ik
2m
)
Γ
(
s0 +
1
2
− ik
2m
)
(4s20 − 3) + k2/m2
k
m
sin kx (A5)
+ tanhmx
∫
dk
Γ
(
s0 +
1
2
+ ik
2m
)
Γ
(
s0 +
1
2
− ik
2m
)
(4s20 − 3) + k2/m2
cos kx
]
.
In MW model(λ→ 0, s0 → 2) gv,1(x) and gv,2(x) are simply expressed as follows:
gv,1(x) =
3m
16
sinhmx
cosh4mx
(1 + 2 cosh2mx) (A6)
gv,2(x) =
3
256m2
[
1
m
∫
dk
k(k2 +m2)(k2 + 9m2)
(k2 + 13m2) cosh kpi
2m
sin kx+ tanhmx
∫
dk
(k2 +m2)(k2 + 9m2)
(k2 + 13m2) cosh kpi
2m
cos kx
]
.
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TABLES
ǫvn ϕn(x)
n = 0 0
√
m
2
1
coshmx
n = k m2 + k2 1√
2pi
eikx
1+ ik
m
(
ik
m
− tanhmx
)
TABLE I. eigenvalues and eigenfunctions of hˆv
ǫun ψn(x)
n = 0 m2(1− s20)
√
mΓ(1+2s0)
Γ(s0)Γ(1+s0)
(
1
2 coshmx
)s0
n = 1 0
√
3m
2
sinhmx
cosh2 mx
n = 2 m2[1− (s2 − 2)2]
√
mΓ(2s2−1)
2Γ(s2−1)Γ(s2−2)
(
1
2 coshmx
)s2−2 (2s2−1) tanh2mx−1
2(s2−1)
n = k m2 + k2 1√
2pi
Γ(−sk− ikm )Γ(sk+1− ikm)
Γ(− ik
m
)Γ(1− ik
m
)
eikx 2F1
(
sk + 1,−sk; 1− ikm ; 12(1− tanhmx)
)
TABLE II. eigenvalues and eigenfunctions of hˆu when 0 < λm
2 < 32
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FIGURES
FIG. 1. Typical Action-vs-Period diagrams of first-order transition for (a) case I and (b) case
II. Bold lines determine the winding number transitions.
FIG. 2. Discrete spectrum of hˆu. The number of discrete modes is dependent on the value of
λm2. In fact, there are n discrete modes when (n−1)
2+(n−1)−6
4 < λm
2 ≤ n2+n−64
.
FIG. 3. λm2-dependence of l(Ω)− l(Ωsph). This figure shows that MWS model exhibits sharp
first-order transition when 0 < λm2 < 0.0399 and 2.148 < λm2.
FIG. 4. λm2-dependence of 2S0/Ssph. Combining this figure and Fig.3 we can conclude
that MWS model exhibits weak first-order transition when 0.006 < λm2 < 0.0399 and
2.148 < λm2 < 2.52. From this fact one can conjecture MWS model exhibits smooth second-order
transition when 0.0399 < λm2 < 2.148.
FIG. 5. (a) Action-vs-Period diagram of MWS model when 0 < λm2 < 0.006 and 2.52 < λm2.
In this regime MWS model exhibits strong first-order sphaleron transition. (b) Action-vs-Period
diagram of MWS model when 0.006 < λm2 < 0.0399 and 2.148 < λm2 < 2.52. In this regime
MWS model exhibits weak first-order sphaleron transition. (c) Action-vs-Period diagram of MWS
model when 0.0399 < λm2 < 2.148, which is drawn by conjecture from the fact that MWS model
exhibits weak first-order transition when 0.006 < λm2 < 0.0399 and 2.148 < λm2 < 2.52.
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